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O ■ Abstract 
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The limitation on the sharing of entanglement is a basic feature of quantum theory. For example, 

if two qubits are completely entangled with each other, neither of them can be at all entangled with 
00 " 

any other object. In this paper we show, at least for a certain standard definition of entanglement, 
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that this feature is lost when one replaces the usual complex vector space of quantum states with a 

real vector space. Moreover, the difference between the two theories is extreme: in the real-vector- 
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space theory, there exist states of arbitrarily many binary objects, "rebits," in which every rebit 
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in the system is maximally entangled with each of the other rebits. 



INTRODUCTION 

It is a pleasure to offer this paper in celebration of the birthdays of Daniel Greenberger 
and Helmut Rauch, both of whom have contributed immensely to our understanding of 
quantum mechanics. The particular aspect of quantum mechanics that I address in this 
paper is the sharing of entanglement among more than two particles, a subject that was 
opened up many years ago by the Greenberger-Horne-Zeilinger theorem [l|. 

A pure quantum state of two objects is called entangled if is not a product state. A mixed 
state is called entangled if it cannot be written as a mixture of product states. In terms 
of quantitative measures based on these definitions, it is well known that quantum theory 
strongly limits the sharing of entanglement. For example, if two qubits are maximally entan- 
gled with each other — they could be in the state (l/v2)(|00) + |11)) — then neither of them 
can be at all entangled with a third object. This fact is sometimes called the "monogamy" 
of entanglement, and it is one of the features that distinguishes entanglement from classical 
correlation. In the classical case, it is easy to construct a probability distribution in which, 
for example, n coins are all pairwise maximally correlated: the distribution mig ht assign 



probability one-half to each of the configurations "all heads" and "all tails" 22] . But no 
such situation is possible with quantum entanglement. 

Even when entanglement is not maximal, quantum theory imposes restrictions. Suppose 
qubits Bi, B 2 , . . . , B n are all partially entangled with qubit A. The entanglement between 
A and Bj can be quantified by the concurrence Cabj [2, IS], which is computed from the 
density matrix of the pair ABi. (See the following section for the definition.) One can show 

tin 

that the various concurrences with qubit A are restricted by the inequality [4], |5( 

c ABl + --- + c 2 ABn <i. (1) 

In this sense qubit A has only a limited amount of entanglement to share, and any entan- 
glement that it has with qubit Bi reduces the amount available for qubits B 2 through B n 



23(| . The inequality ([Tj) has been used in the analysis of entanglement in many-body sys- 
tems, especially in the study of quantum phase transitions. (For a review of this and other 
applications of entanglement theory to many-body systems, see Ref. ||.) 

To get a better understanding of any feature of quantum mechanics, it is often useful to 
ask whether that feature appears in other, hypothetical theories that are similar to quantum 



mechanics. One might be inclined to think that the limitation on entanglement sharing is so 
fundamental that it would be characteristic of a wide class of such theories. In particular, 
one might expect this feature to appear in real- vector-space quantum theory, a theory that is 
essentially identical to ordinary quantum theory except that the usual complex vector space 
of pure states is replaced by a real vector space. In this paper we consider a collection of 
binary real- vector-space objects — "rebits" — and ask whether there is a limit on their sharing 
of entanglement. We find that if we again use concurrence to quantify entanglement, there 
is in fact no such limit. Specifically, for a system of arbitrarily many rebits, there exist states 
in which each rebit in the system is maximally entangled with each of the other rebits. Thus 
the limitation on entanglement sharing, unlike many other quantum features such as the 
no-cloning principle and the violation of Bell's inequality, depends on the field over which 
the vector space of states is defined. 

We begin by recalling how entanglement can be quantified. 

QUANTIFYING ENTANGLEMENT 

Much work has been done on the quantification of entanglement, and many different 
entanglement measures have appeared in the literature (for reviews see Refs. |8l-ll0|). The 
measures differ from each other partly with respect to their purpose. One can, for exam- 
ple, quantify the entanglement of a bipartite mixed state according to the amount of pure 
entanglement one can extract from the state. Here I focus on the opposite question: what 
resources are required to create a given state? 

The standard unit of entanglement is the ebit, which is the amount of entanglement in the 
two-qubit state |$ + ) = (l/v / 2)(|00) + |11)). This state is as fully entangled as a two-qubit 
state can be. If two spatially separated participants, each holding one qubit and initially 
sharing no entanglement, want to get their qubits into the state |$ + ), one of the participants 
will have to transmit a qubit 's worth of quantum information to the other; the state cannot 
be created with classical communication alone. We note that the closely related pure state 
|$~) = (l/v / 2)(|00) — |11)), which we will invoke shortly, is likewise maximally entangled. 

We can quantify the entanglement of a mixed state by considering the pure states involved 
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in a decomposition of the state [111 I12J . Consider, for example, a density matrix uj that is 



an equal mixture of |$ + ) and |$ ): 

c = (l/2)(|$ + )($ + | + |$-)($-|). (2) 

We could create the state u by randomly choosing to create either |<J> + ) or |<J>~) and then 
discarding the information that tells us which state was created. This method of constructing 
u costs one ebit, in the sense that in either case, one has to create a pure state having one 
ebit of entanglement. But a given mixed state can be written in more than one way as a 
mixture of pure states. (In fact there is always a continuum of possible decompositions.) It 
is a simple mathematical fact that u can also be written as 

w = (l/2)(|00)(00| + |ll)<ll|). (3) 

Thus, rather than using the entangled states |$ + ) and |$~), one could construct the state 
uj by randomly choosing to create either |00) or |11) and then discarding the record. This 
latter method costs zero ebits, because both |00) and 1 11) are product states that can be 
created locally; no quantum communication is required. We therefore say that the state u 
is unentangled: even though it could be created in a difficult way that involves entangled 
states, those states are not required for its construction, and the state can in fact be generated 
locally. 

Of course we also want to quantify the entanglement of non-maximally entangled pure 
states of two qubits, and of mixed states constructed from such pure states. We begin by 
noting that any pure two-qubit state can, by local unitary transformations, be brought to 
the form \ip) = a\00) + /3|11), where a and /3 are real and non-negative and a 2 + /3 2 = 1. 
The standard measure of entanglement for such a state is given by the entropic formula 
E{\tp)) = —(a 2 log a 2 + /3 2 log/3 2 ). This is the formula to use if one wants to measure the 
entanglement in ebits, because it gives the asymptotic conversion rate between the state \ip) 
and a maximally entangled state [13]. But any monotonic function of E can serve as an 
alternative measure (though it may lack this direct interpretation in terms of asymptotic 
conversion). In this paper it is convenient to use the simpler quantity C(\ip)) = 2a(3, which 



is called the concurrence of the state 
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3j. Note that C ranges from to 1. 



To define the concurrence of a mixed state of two qubits, we use the ideas illustrated 
above in our discussion of the state u. As we have noted, a given mixed state p can be 
written in infinitely many ways as a mixture of pure states. The concurrence of p is defined 



to be the average concurrence of the pure states in a decomposition of p, minimized over all 
possible decompositions. That is, 

C(p) = inf (J>C(I0;») , where 5>I^Wil = p. (4) 

It happens that the minimum can be evaluated in general to get an analytic formula for 
C(p) [2|, y|. We will not need the formula in this paper, but I write it here because it will be 
interesting to compare it shortly to the analogous formula for the real- vector-space theory. 

C(p) = max{Ai - A 2 - A 3 - A 4 , 0}, (5) 

where the Aj's are the square roots of the singular values of p{a y <S> a y )p*(a y £g> a y ), ordered 

(o-i\ 

so that Ai is the largest. Here a y is the Pauli matrix and the asterisk indicates 
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complex conjugation in the standard basis. 

As an interesting example, consider the mixed state u/ which, like the state u considered 
above, is an equal mixture of two maximally entangled pure states: 

c' = (l/2)(|$-)($-| + |M/ + )(v[/ + |), (6) 

where |\1/ + ) = (l/\/2)(|01) + |10)). It turns out that, like to, the state u' can be written as a 
mixture of product states and therefore has zero concurrence. This fact can be verified by 
computing the concurrence using Eq. (J5J), but it is simpler to exhibit a specific decomposition 
of u/ into product states: 

W ' = (i/2)(nn + ir)(ri), (7) 

where 

n = ^(i^)+^ + )) = ^(io)+^))®(io)+.|i)) (8) 

and 

ID = ^=(|<&-> " *l* + » = |(|0> - i|l» ® (|0> - <|1». (9) 

These last two equations show that the pure states of this decomposition are indeed un- 
entangled. It turns out that the imaginary unit i is absolutely necessary to achieve such 
a product-state decomposition of u>'. The impossibility of this sort of decomposition in 
the real-vector-space theory is what will lead to the very different entanglement sharing 
properties of that theory, as we will see. 



We quantify entanglement in the real-vector-space theory just as we did in the complex 
case. A general pure state of two rebits can, by local rotations, be brought to the form 
a 1 00) + /3|11) where a and /3 are non-negative. And as before, we define the concurrence to 
be C = 2a(3. The concurrence of a mixed state is again defined to be the minimum, over all 
pure-state decompositions, of the average concurrence of the component states [14| . That 
is, 

C R (p) = inf (J>C(I^») , where J>l&Mil = p. (10) 

This definition looks exactly the same as in the complex case, but it is different: the states 
\(j)j) appearing here are required to be real state vectors. As a consequence of this restriction, 
the real- vector-space concurrence Cr(p) of a given real density matrix p does not have to 
have the same value as the usual concurrence C(p) of the same density matrix. 

As in the complex case, the minimization required by the definition of concurrence can 
be performed in general, so that one can again write down an analytic formula, as shown 
by Caves, Fuchs, and Rungta [14]. But the formula is different. It is simply 

C R (p) = | Tr[(a y ®a y )p}\. (11) 

Thus the concurrence of a pair of rebits is particularly easy to compute. Rather than having 
to find the singular values of a matrix as in Eq. (JSJ), one simply has to compute the average 
value of a particular operator. 

Let us apply this formula to the state u/ = (1/2)(|$~)($~| + |^ + )(^+|) that we have 
been discussing. One can rewrite this state as u/ = (1/4) (I <8> I + cr y <g> cr y ), where I is the 
2x2 identity matrix. We then have that 

C R (uj') = {l/A)Tr{{c y ®a y y]=l. (12) 

That is, in the real-vector-space theory, the state u/ is maximally entangled, even though 
the same density matrix represents an unentangled state in the complex-vector-space theory; 
that is, C(u') = 0. The difference comes from the extra freedom one has in the complex 
theory, namely, the freedom to use complex states in the decomposition of the density 
matrix. This mathematical difference represents a genuine physical distinction between the 
two theories. If we lived in a world governed by real-vector-space quantum theory, two 
spatially separated participants would not be able generate the state u', shared between 
them, without sending a quantum particle over the intervening space (assuming they share 



no entanglement initially). This is because in the real- vector-space theory, every pure-state 
decomposition of the state u/ consists of nothing but maximally entangled states. And yet in 
our actual, complex-vector-space quantum world, there exists a product-state decomposition 
and we can therefore create the state u/ without any quantum transmission. 

We can already see an important difference between the real-vector-space theory and 
ordinary quantum theory. In ordinary quantum theory, the only maximally entangled states 
are pure states. But in the real-vector-space theory, the state u/, which is mixed, is never- 
theless maximally entangled. That such a case is possible has been pointed out in Refs. [14| 



and [15 ]. 



SHARING ENTANGLEMENT 

Here we show that the real- vector-space theory strongly violates entanglement monogamy. 

We begin by writing down two pure states of three rebits, each of which has the property 
that every pair of rebits is maximally entangled (in the real- vector-space sense). The two 
states are 

I//++) = (1/2)(|000) - |011) - |101) - |110» (13) 

and 

\u ++ ) = (1/2)(001) + |010) + |100) - |111)). (14) 

(The meaning of the subscript ++ will become clear shortly.) For each of these states, if 
we trace over any one of the three rebits, we find that the state of the other two is given by 
the density matrix (1/2)(|<I> _ )($ _ | + |\1/ + )(\1/ + |), which is equal to the state u/ we analyzed 
in the preceding section. As we have seen, this state has unit concurrence. Thus each pair 
of rebits is indeed maximally entangled, as could never be the case in standard quantum 
mechanics. 

We can generalize the states in Eqs. (fTB"|) and (|14|) to an arbitrary number of rebits. In 
order to do the generalization, we first rewrite the states as follows. Let \y + ) and \yj) be 
eigenstates of a y with eigenvalues +1 and —1 respectively: 

w-) = ±\ ".I- as) 




We can express the above states as 

\fi++) = V2Re{\y+) <g> \y+) ® |j/+)) |z/++) = v^Im (|j/+) ® |y + ) ® |y + )). (16) 

Guided by the form of these last equations, we now write down, for a system of n rebits, 
a set of 2 n pure states, each of which has the property that every pair of rebits is maximally 
entangled. The states are indexed by binary indices si, . . . , s n -i, each of which takes the 
values +1 and — 1. 

|^. 1 ....n-i> = V2Re(\y Sl ) ® • • • ® | 2 / Sti _ 1 > ® |y+», (17) 

K...,»_i) = V^MIl/«i> ® " • • ® ll/.„_i) ® ll/+»- ( 18 ) 

Note that it would be redundant to include another binary index s n . In |/i Sl ... Sn _ 1 ), for 
example, if we were to change the sign of each Sj, and in addition change the last factor 
from \y + ) to |y_), we would be taking the complex conjugate of the whole state, and the 
real part would remain unchanged. Similarly, the imaginary part that appears in Eq. (fT8"|) 
would merely switch its sign under this operation, and an overall sign change does not affect 
the physical properties of a state vector. We note also that all 2 n states defined in Eqs. (IT7|) 
and (TT8J1 are mutually orthogonal: states corresponding to different values of (si, . . . , s n -i) 
are orthogonal because of the orthogonality of \y + ) and \yj) (as can be seen from Eq. ( TT9i) 
below), and for any given value of (si, . . . , s n _i), the states |/x) and |z/) are orthogonal because 
each component of the vector \y si ) <8> • • • <8> |y Sn _ 1 ) <S> \y+) (in the standard basis) is either 
purely real or purely imaginary. 

To show that these states have maximal entanglement between every pair of rebits, we 
compute the average value of the operator ay ®a y for any given pair (i,j). (Here we leave 
implicit the n — 2 factors of the identity matrix associated with the other rebits.) We begin 
with the state \fi Sl ... Sn _ 1 ), which we can write as 



!/'<■ 



, 1 ...« n _ 1 ) = (l/V2)(\y Sl ) ® • • • ® ly.^) ® \y+) + |y_ Sl ) ® • • • ® |y- Sri _ x > ® |y_)). (19) 



Since |y + ) and \y_) are eigenstates of cr y , it is straightforward to compute the average value 
of dy <S> Oy . One finds that 

(^i-^-x I W J) ® o-J 7 ' 5 ) lA*«...-„-i) = s<Si, (20) 

where we define s n to be equal to +1. A similar calculation shows that \v Sx _ Sn _ x ) yields 
the same average value. The real-vector-space concurrence between particles i and j is the 
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magnitude of the average value of a y (g) a y . So we see that this concurrence indeed has the 
value 1 for every pair, as claimed. 

In addition to the pure states considered above, it is interesting to consider a specific set 
of mixed states, also labeled by the indices S\, . . . , s n _i: 

P S l... Sn _! = (l/2)0 Sl ... Sn _ 1 )(/i Sl ... Sn „ 1 | + \v n ..*n-l)(VBi...,n-l\)- ( 21 ) 

Since for any pair (i,j) the two pure states in this expression have the same average value 
of o~ y ®<7y-, the state p si ,„ 8n _ 1 shares this value, and therefore, like the pure states of which 
it is composed, it also exhibits maximal pairwise entanglement. 
It will be convenient to write the state p Sl ... s „_ 1 in another form: 

i 



PSIS2...S U -1 - \ cy n }^- e 



J2 ( S l a «) Jl ® • • • ® (Su-ieyY"- 1 ® Vl7 



y j vy <y y^n—l^y 



(22) 



Taking the real part in effect limits the summation to the cases where an even number of 
the exponents ji are equal to 1, since a y is a purely imaginary matrix. One way to see 
that Eq. (122]) is equivalent to Eq. (|2~T|) is to start with Eq. (|22|) and explicitly write down 
all of the eigenstates of the operator. The eigenstates can be taken to be all ra-fold tensor 
products of \y + ) and \y~)- One finds that all the eigenvalues are zero except in the case of 
two eigenvectors, which lie in the subspace spanned by \p sl ... Sn ^ x ) and |^ ai ... a „_ 1 ). In that 
subspace, each eigenvalue is 1/2. Thus the eigenvalues and eigenvectors of the matrix in 
Eq. (|22|) are the same as for the matrix in Eq. (12T]) . So the two matrices are the same. 

We can use the form ( 122]) to demonstrate a remarkable property of the mixed states 
Ps\...s n -x- Even though, in each state, each pair of rebits is maximally entangled, there are 
no classical correlations among the outcomes of any local measurements. To see this, suppose 
that an observer located at the site of each rebit performs some measurement just on that 
rebit. Any particular outcome of a measurement on rebit i is associated with some positive 
operator IT, and for a particular state p, the probability of getting a specific collection of 
local outcomes is given by 

p = Tr[(H 1 ®--'®n n )p]. (23) 

In the real- vector-space theory, each IT is a real symmetric operator. But in Eq. ( 122]) . all but 
one of the terms in the sum has at least two factors of o~ y , which is an antisymmetric matrix. 
The trace of the product of a symmetric matrix and an antisymmetric matrix is zero. So 



the only term that contributes to the probability is the identity term (ji = ■ ■ ■ = j n = 0), 
and we therefore have 

p={l/2 n )Tr{IL 1 ®---®IL n ) = QlHIiJ x-.-x QlHInV (24) 

That is, the overall probability distribution is a product of local probability distributions; 
there are no correlations. Note also that the probabilities do not depend on the indices 
s\, . . . , s n -i- All of the states defined in Eq. ( 122]) have identical statistics with regard to 
collections of local measurements. Essentially, the outcome of any such collection of mea- 
surements is entirely random, as if the system were in the completely mixed state. (But it 
is not in that state. In real- vector-space quantum theory, the statistics of the outcomes of 
local measurements are not sufficient to uniquely determine the global density matrix (l7|.) 

It may seem a contradiction that a state can exhibit maximal pairwise entanglement 
and yet show no correlations among local measurements. This combination of properties 
certainly cannot occur in ordinary quantum mechanics, but it is not a logical contradiction. 
The states p Sl ... Sn _ 1 are entangled in the sense that they cannot be created without quantum 
communication (in a real- vector-space quantum world), but the presence of entanglement in 
this sense does not imply anything about correlations among measurements. (On the other 
hand, the pure states |/x Sl ... Sn _ 1 ) and |i / Sl ... Sn _ 1 ) do exhibit nontrivial correlations, but only at 
the n-rebit level. For example, if three rebits are in the state |/i++) of Eq. ( Tl3l) . then there 
are no correlations between any pair, but if each of the first two rebits gives the outcome 
"0" in a "0 vs 1" measurement, the third rebit will also yield "0".) 

Now, suppose we lived in a world governed by real-vector-space quantum theory. It is 
interesting to ask whether we could do anything practical with the above states that makes 
use of their strange entanglement properties. At least with the states p sl ,„ Sn _ 1 , there is such 



an application: we could hide classical data [16]. Someone who wanted to hide data could 



create one of these states, with n — 1 bits of classical data encoded in the indices s\, . . . , s n -i- 
Suppose the n rebits are placed in different locations, with an observer stationed at each 
site. And suppose that these observers are not able to transmit quantum information from 
one site to another, because there are no reliable quantum channels connecting the sites. 
The observers can try to obtain information about the bits S\, . . . , s n __i by making local 
measurements and comparing the outcomes, but as we have just seen, they will not succeed. 
The probabilities of the outcomes of local measurements are completely independent of the 
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values of si, . . . , s n _i. So the hidden data is safe as long as quantum communication among 
the sites is impossible. On the other hand, if all the observers were to bring their rebits to 
a common location, they would be able to completely determine all n — 1 bits: they could 
distinguish the 2 n_1 states from each other since the states are orthogonal. 

DISCUSSION 

We have seen that there is dramatic difference between ordinary quantum theory and the 
real- vector-space theory with regard to the sharing of entanglement. In the former theory, 
entanglement is monogamous, whereas in the latter, there are multiparticle states exhibiting 
maximal entanglement between any two particles. It is important to reiterate that we are 
defining entanglement based on a consideration of the resources needed to create a given 
state, not with regard to correlation or to the possibility of distilling pure entanglement. It 
is conceivable that for other notions of entanglement, some form of entanglement monogamy 
may be retained in the real-vector-space theory. 

Some authors have noted that a system of n qubits, followin g th e rules of ordinary 
quantum theory, can be simulated by a system of n + 1 rebits 18|-|20|. (The last of these 
papers shows how, with additional rebits, one can make the simulation local.) The extra 
rebit has the effect of doubling the dimension of the state space, and a 2 n+1 -dimensional 
real vector space is large enough to accommodate all of the structure of a 2 n -dimensional 
complex vector space. (In a sense it is too large: one has to restrict the set of allowed 

n 

observables and transformations in order to recover standard quantum theory |21|.) This 
observation is related to the work presented in this paper. In order for a single extra rebit 
to "complexify" the state space of each of the other n rebits, the extra rebit must be able 
to be entangled with each of the other rebits simultaneously. If entanglement monogamy 
were in force in the real-vector-space theory, such simultaneous entanglement would not be 
possible. Thus the fact that the real-vector-space theory can simulate the complex theory, 
with only a single added binary object, already suggests that the real-vector-space theory 
does not respect entanglement monogamy in the usual sense. 

We noted in the Introduction that in classical probability theory there is no limitation 
on the sharing of correlations. And we have seen that for a system of rebits there is no 
limitation on the sharing of entanglement as measured by concurrence. This odd similarity 
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between classical probability theory and real-vector-space quantum theory actually extends 
a little further. Let us ask how many states (that is, how many probability distributions) 
of n classical coins exhibit maximal correlation between any two coins. The answer is 
2 n ~L Given any sequence of n heads and tails, we can construct one of these probability 
distributions by assigning probability 1/2 to the chosen sequence and probability 1/2 to the 
"opposite" sequence in which heads and tails are interchanged. There are 2 n sequences, 
but any sequence and its opposite give rise to the same probability distribution in this 
construction; so there are only 2 n_1 distinct probability distributions having this property. 
There is a sense in which these 2 n_1 classical states are the mirror image of the 2 n_1 mixed 
states p Sl ...s„_ 1 - Each of the special states of the classical theory has zero entanglement and 
maximal pairwise correlation. In contrast, each special state p sl ... Sn _ 1 has maximal pairwise 
entanglement and no correlations. 

Quantum theory occupies an interesting middle ground between these two extremes. 
Entanglement is possible but limited, and pairwise entanglement always entails pairwise 
correlation. Perhaps the main lesson of what we have done here is that the usual limitation 
on entanglement sharing is more specific to standard quantum theory than one might have 
thought, in that it is lost when we remove the possibility of using "i" in our state vectors. 
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